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Abstract 

Using quadratic forms, we stablish a criteria to relate the curvature of a Riemannian 
manifold and partial hyperbolicity of its geodesic flow. We show some examples which 
satisfy the criteria and another which does not satisfy it but still has a partially hyperbolic 
geodesic flow. 

1 Introduction 

It is well know fact that hyperbolic dynamics has been one of the most sucessfuU theory 
in dynamical systems. But soon was realized that there is an easy way to relax hyperbol- 
icity, called partial hyperbolicity, which allows the tangent bundle to split into invariant 
subbundles TM = E'^ ® E'^ ® E"^, such that the behavior of vectors in E'*, E'^ is similar 
to the hyperbolic case, but vectors in E'^ may be neutral for the action of the tangent 
map. This notion arose in a natural way in the context of time one maps of Anosov 
flows, frame flows, group extensions and it was possible to show the existence of open set 
od partially hyperbolic diffeomorphisms which are not hyperbolic. See [BP], |Sh] . |M1] . 
|BD] . |BV] for examples of these systems and [HP], |PS] for an overview. 

However, until the results in |CPj , partially hyperbolic systems where unknown in the 
context of geodesic flows induced by Riemannian metrics. In fact, in |CPj it was proved 
that for some compact locally symmetric space (M, g) whose sectional curvature takes 
values in the whole interval [— 4a^, — a^], there is a metric g* in M such that its geodesic 
flow is partially hyperbolic but not Anosov. 

On the other hand, from the works of J. Lewowicz, qudratic forms have been a power- 
full tool to characterize expansive dynamics in general and hyperbolic ones in particular 
(see [?, ?]); moreover, this approach have been extended to the context of geodesic flows 
(see for instance [L], [P], |R1] and |R2] ) and bilhards (see |Mar] . [MPS] ). Those tech- 
niques, using previous results by Potapov, have been extended and generalized in |W2j . 

In the present paper, we explore the use of quadratic forms for the particular context 
of partially hyperbolic geodesic flows. Moreover, we revisite the examples of partially hy- 
perbolic geodesic flows provided in [CPj using quadratic forms and we relate the partially 
hyperbolicity with the curvature tensor. 



^ First author partially supported by CAPES 



2 



In the second section, we give some definitions and the criteria we are going to apply 
to get partially hyperbolic examples. 

In the thid section, we prove the main theorem with the help of the criteria and to 
get a corollary, which is going to be useful to prove that some examples are partially 
hyperbolic. 

In the fourth and last section we present some examples of geodesic flows which are 
going to be partially hyperbolic. 

2 Definitions 

Before given the results, we need to introduce a few definitions. 

A partially hyperbolic flow 0j : M — )■ M in the manifold M generated by the vector 
field X : M — )■ TM is a flow such that its quotient bundle TM/{X) (assuming that X 
has not singularities) have an invariant splitting TM/ (X) = (B E"^ (B -E" such that 
these subbundles are non trivial and with the following properties: 

dMx){E'{x)) = E'{Mx)),dMx){E%x)) = = E'^iM^)), 

\\d(j)t{x)\EA\ < Cexp{tX),\\d(f).t{x)\E^\\ < Cexp(tA), 
C exp(tyu) < ||(i0t(x)|£;c|| < Cexp(— t/i), 

for A < /i < < C. 

Let (M, g) be a Riemannian manifold, p : TM — )■ M its tangent bundle, (pt '■ SM — )■ 
SM be its geodesic flow. The geodesic flow is always a Reeb flow |P], i.e., given a 2n+ 1- 
dimensional manifold A^, an one form r such that r A rfr" is a volume form, the Reeb 
vector field Y is the vector field such that iyr = 1 and iydr = 0, and its fiow is a Reeb 
fiow. The kernel of r is called the contact structure of the contact manifold {N,t). It is 
allways invariant under the fiow and transversal to the Reeb vector field [P]. 

The double tangent bundle TTM is isomorphic to the vector bundle S — )■ TM, S = 
7i*TM © 7i*TM, with fiber £^ = T^(^^)M © T^(^)M. We define the isomorphism as 

X : TTM ^£:Z^i{no r)'(O), ^(0)), 

where V is a. curve on TM such that V'{0) = Z. The Sasaki metric in the double tangent 
bundle is the pull-back of the metric 5^ on gy{{r]i, ^i), (772, ^2)) = fi'7r(t.)(^?i, V2)+g7T(v){^i, ^2) 
where (171,^1), (?725^2) G T^^i^y^M © T^^i^y-^M. The contact structure ^{SM) of the geodesic 
fiow is identified with the vector bundle £' — SM, C £v, for all v G SM, whose fiber 
at f is f © v-^, where f-*- = {w e T^^i^^^M : g{w, v) = 0}. The derivative of the geodesic 
fiow, given the identification of TTM and £ is d.v(l)t{j],q) = (J(t), J'it)), J{t) e T^t(v)M 
such that J"(t) + RMv), J{t))(j)t{v) = jBn].jP]. 
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Let TT : ^{SM) — )■ SM be the contact structure of the geodesic flow of {M,g). Let 
Q : ^{SM) — )■ M be a nondegenerate quadractic form of constant signature {l,m). Let 
C+(a;, f) = {?7 G i{x,v) : Q{x,v){.v) > 0} be its positive cone, C-{x,v) = {77 G : 
Q(x,v){.ii) < 0} be its negative cone and Cq{x,v) = {77 G i{x,v) : = 0} be their 

boundary. The criteria says the following: 

Lemma 2.1. // 

for all {rj.q) G Cq{x,v), {x,v) G S'M, then the flow (j)t is strictly Q-separated. This 
criteria and reversibility of the geodesic flow imply it has a partially hyperbolic splitting 
( = E'®E''® E", dini{E'') =1, a = s,u. 

Proof. See the proof in |Wlj . □ 



3 Main results 

In this section we state the main theorem and a corollary which is going to be useful to 
prove that some geodesic flows are partially hyperbolicity. 

Let (M",5f) be a n-dimensional Riemannian manifold, V its Levi-Civita connection. 
Let Rx : T^M x T^M x T^M T^M be its curvature tensor. Let v G T^M, then 
Rx{v, ■)v : TxM — )■ T^M is a symmetric linear operator. We can restrict it to f-*", since 
R{v, v)v = 0. So R{v, ■)v : f -*-—)■ is a symmetric linear operator. So we can diagonalize 
it: there are eigenvalues Ai > A2 > . . . > A„_i and eigenvectors f 1, V2, ■ ■ ■ , fn-i such that 
R(v,Vk)v = XkVk- 

Suppose there isanl<r<'n, — 2 such that Xr{v) > A,.4.i(f) for each v G TM. Then 
we are able to define A{v) = Mf 1 © . . . ©Mf.r and B{v) = Mvr+i © . . . ©Mw„_i. It is easy to 
see that A{v) ©5(f) = f-*". Let Gr{r,TM) be the Grassmanian bundle of r-dimensional 
subbundles of TM. Then A,B : TM Gr{r,TM). Also A{cv) = A{v), B{cv) = B{v) 
for all c G M, c 7^ 0. So we consider A, 5 : SM — )• Gr{r,TM), where SM is the unitary 
tangent bundle of M. 

Let Pa{v) '■ Tp^v)M — i- A{v) be the orthogonal projection to A{v). Let A' = P^^^-j = 

^\t=oPA{<i>tiv))- Let r]A be PaV- Let Ka be the restriction R(v, ■)v : A(v) — )■ A(v) and Kb 
be the restriction R{v, ■)v : B{v) — )• B{v). 

Linearization of the derivative of the geodesic flow gives you the system of equations 

Tj' = = -R{v,ri)v, 

for {t], ^) G r,M © T,.M = T.TM. 

Theorem 3.1. Let {M,g) be a Riemannian manifold. Suppose A : SM — > Gr{r,TM) : 
V ^ A{v) C Tp(^^-)M is a continuous function (smooth along geodesies). Let the quadractic 
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form be Q'^{ri,q) = g{riA,^A) — c^givs^VB) — giSB.^B), where c is a positive real number. 
If ^Q^{ri, = g(S^(r], q), (i], ^)) is positive for the following matrix 



-Ka 





c^A' 







Id 


\A' 


A' 


c^A' 


\A' 





-c^Id + Kb 


\A' 


A' 


-c^Id + Kb 






and for all {rj,q) G C+(x,f), {x,v) G SM, then the geodesic flow of the Riemannian 
manifold {M,g) is partially hyperbolic dim{E'^) = r , a = s,u. 

Proof. We have to calculate the following derivative: 



d_ 

dt 



d 
dt 



(givA, - c^givB, vb) - gi'^B, ^b)) 



g{<^A, - g{R{v, r])v, via) + gijiA', <;a) + gijiA, <,a') 
'^c^gijiB, <^b) + '^gi.Riy, v)^, ^b) - '^(?gijiB',VB) - '^g{.<^B', <^b)- 



Pa is the orthogonal projection to A, Pb is the orthogonal projection to B, then P4(P4)' 
{Pa)'Pb and Pb{Pa)' = (Pa)' Pa- It implies that 



gi^A, ?a) - giRiv, r])v, tia) + gi{PA)'vB, ^a) + givA, (^a)Vb) 

2c'g{r]B, ^b) + 2g{R{v, r])v, ^b) + 2^g{{PA)'r]A, Vb) + 2g{{PA)'<.A, <.b)). 



□ 



Now suppose we are able to define two functions, a, /3 : SM — > M+ such that 

i. — > max{Xi}\^i, 

ii. -aiv'f < -Piy f < Aj if i = r + 1, . . . , n - 1, 

iii. there is a constant e G IR+ such that /3(f) < e < a{v) for all f G SM, 
then we are able to fix c G M+ such that c := e. 

Corollary 3.2. Under the hypothesis of theorem \3.1\ and the hypothesis stated above, 
there is an e : SM — )■ which depends on the curvature tensor R and the real numbers 
c and d such that if \\A'{v)\\ < t{v) then geodesic flow of the Riemannian manifold {M,g) 
is partially hyperbolic dim{E") = r, a = s,u. 

Proof. The proof is straightforward from the theorem I3.H if one notices that if A' = 
then ^Q'^ = g{S^-, ■) where 



S' 



-Ka 

Id 












-e^Id + K 



B 







-e'^Id + Kb 
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so for (r/,?-) G C+ we have ^Q*" > + a^g{r]A,VA) - 2(6^ + l3'^)g{r]B,<;B) and 

g{riA,<iA) > e^g{riB,VB) +fi'(?"B,?"i?) > 2eg{r]B,'iB)- Then, 

^Q" > 5'(?"A - -Ja - aVA) + '2ag{r]A, <^a) - 2(e^ + (3'^)gir]B, ^b) 
at 

> 5f(gA - aVA, - ar/A) + (2a - e )g{riA, ^a) > 

e 

for (?7, <j) G C+, since 2q; — e — ^ when e G a). □ 

Remark 3.3. So, if we look at the statements in the corollary, we see that at the moment 
we have to ask for the existence of an interval between the r-biggest eingenvalues of 
R{v, ■)v and the other eiganvalues (second hypothesis), and a non-oscillatory hypothesis 
for this interval, i.e., it has to have a constant e in the interval which does not depend 
on f G SM. One good question would be if partial hyperbolicity still holds when there 
is no such constant. 



4 Examples 

In this section we show some examples. The first example, in subsection 14. ![ is the 
Riemannian manifold of negative curvature. In the case of the Riemannian manifold of 
negative curvature the criteria is the same as the criteria for hyperbolicity of the geodesic 
flow. In the subsection 14.2.11 the example satisfies the criteria of partial hj^erbolicity. It 
is also an hyperbolic example. In the subsection 14.2.21 the example does not satisfy the 
criteria and is not partially hyperbolic. In subsection 14.31 we show the last example. For 
the last example the criteria is satisfied out of a small set of vectors in the unit tangent 
bundle. The last example is non Anosov and partially hyperbolic |CP] . 

4.1 Negatively curved manifolds 

In the negatively curved case, the theorem is trivial. In this case, A{v) = (Rf)-*-, and 
there is no need of a /3 function. Suppose K < —o?^ for a positive real number a. Since 
{Pa)' = in this case, the criteria trivially holds: 

^5'('7, = g{'i. - ^(^, V, 7]) > g{q, q) + a'^g{r], r]) > 0. 
for any (?], ^) G C+(a:;,t>), {x,v) G SM. 

4.2 Locally symmetric manifolds 

In this section we look at the case of (M, g) compact locally symmetric manifold of 
noncompact type. In a previous work we had shown that if rank is one then the geodesic 
flow is partially hyperbolic, if rank is at least two, then it is not. 
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Definition 4.1. A simply connected Riemannian manifold is called symmetric if for every 
X e M there is an isometry cr^ : M — )• M such that 

The property of being symmetric is equivalent to: 
m VR=0, 

• if X{t), Y{t) and Z{t) are parallel vector fields along -f{t), then R{X{t),Y{t))Z{t) 
is also a parallel vector field along ^(t). 

Each locally symmetric space N is the quotient of a simply connected symmetric space 
M and a group F acting on M discretly, without fixed points, and isometrically, such 
that N = M/r. 

4.2.1 Locally symmetric manifolds of noncompact type and of rank one 

Locally symmetric spaces with non constant negative curvature have the following parallel 
subspaces of (Mf )-*-: 

A{x,v) := {w eT^M : K{v,w) = -4(1^}, (1) 
B{x,v) := {w eT^M : K{v,w) = -a^}, (2) 

where a e R. 

The curvature tensor for locally symmetric manifolds of noncompact type and rank 
one is 

R{v,ri)v = —Aa^TjA — o^tib, 

where v e SM. 

Partial hyperbolicity follows from: 



di 



{giVA, - e^g{riB, Vb) - g{<iB, ^b)) = g{<iA, <?a) - g{R{v, rj)v, TjA) 

-2e^g{r]B, + 2g{R{v, r])v, ^b) = ^a^g{r]A, Va) + gi^A, ^a) 
-2e^g{r]B, fe) - 2a'^g{r]B, ^s) > ^a^g{r]A, Va) + g{<iA, ^a) 



+ —)g{VA,<iA) > 



if e e (a, 2a), for if e e (a, 2a) then e + — < 4a 
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4.2.2 Locally symmetric manifolds of noncompact type and of rank at least two 

Definition 4.2. Let q be the algebra of Killing fields on the symmetric space M, p G M. 
Define 

t:={XeQ: X{p) = 0}, 
p := {X G : VX(p) = 0}. 
For these subspaces of g, t © p = g and t fl p = {0}, and T^M identifies with p. 

Definition 4.3. Given p G M, we define the involution (l)p{g) : G ^ G : g ^ cXp o g o Cp. 
Then, we obtain 6p : d(f)p : — )■ g. Since 9'^ = id and 6p preserves the lie brackets, the 
properties of this subspaces of q are: 

i. 6p\( = id, 

ii. 6p\p = -id, 

iii. Gt, [p,p] Ct, [t,p] cp. 

Fix a maximal Abelian subspace a C p. Let A denote the set of roots determined by 
a, and 

= flo + y^5«- 

aeA 

Qa = {u! E Q : {adX)w = a{X)w}, a : a — )■ M is a one-form. 

Define a corresponding decomposition for each a E A, ta = {id + 6)Qa and pQ, = 
{id-e)Qc.- Then: 

i. id + : Qa ^ and id — 6 : ^ Pa are isomorphisms, 

ii. pQ = p-a, = ^-ai and pa © = 0q © Q-ai 

iii. p = a + XlaeA P"' * = *o + EaeA ^^ere = 0o n I. 

For X G a we have that, along the geodesic 7 in M with initial conditions 7(0) = p, 
7'(0) = X, the Jacobi fields are linear combinations of the following Jacobi fields: 

cosh{\a{X)\t)vj{t) and sinh{\a{X)\t)vj{t). 

Proposition 4.4. // (M, g) is a locally symmetric manifold of noncompact type and rank 
bigger than one, then there is no continuous function 

A:SM^ Gr{r, TM) : v ^ A{v) C Tp(^)M 

satisfying the hypothesis of the theorem \3.1\ 
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So, in the case of rank bigger than one, fix r < dimM, pick v G T^M such that 
A{v) = ®'^i=iPai, i = I, . . . ,r, \ai\ > \a2\ > . . . > \ar\, such that if (3 ^ ai, Wi = 1, ... ,r, 
then /3(t>) < ai{v), Wi = 1, . . . ,r. 

Now we pick (x, v') such that ai{v') = 0. Then y4(t>') = ©[^j^p^-, for some /3j G A, j = 
1, . . . ,r, > I/32I > . . . > \(3r\. Notice that ai(f') = imphes (3j 7^ ai, Vj = 1, . . . ,r. 
There is no way to go from one decomposition to the other continuously, so there is no 
way to define a continuous A as in the statement of the theorem. 

Remark 4.5. In the case of locally symmetric manifolds of rank bigger than one, all the 
three hypothesis stated prior to theorem 13.11 are not satisfied. It would be interesting to 
look for examples which do not satisfy only one of these hypothesis. 

4.3 Non Anosov example 

Let (M, g) be a Riemannian manifold, V its Levi-Civita connection, R its curvature 
tensor. Let (M, gi = e^g) be Riemannian manifold with a metric in the conformal class 
of g, its Levi-Civita connection, R^ its curvature tensor. Then 

V^F = VxY + ^g{Va, X)Y + ^g{Va, Y)X - ^g{X, Y)Va, 
and if a is C^-close to zero, then 

R\X, Z, X, W) ^ R{X, Z, X, W) - ^g{X, X)g{VzVa, W) - ^g{Z, W)g{VxVa, X). 

If {M,g) is the locally symmetric space with curvature in [— 4a^, — a^], the idea is to 
pick a closed geodesic 7 without self-intersections, take a tubular neighborhood aroud 
7. Define an orthogonal Xq,Xi, . . . coordinate system in the tubular neighborhood 

such that along 7, 7' = dx^, K{y, dxi) = — 4a^ for i = 1, . . . , r and K^^j', dx^) = —a? for 
i = r -|- 1, . . . , n — 1. Then we are able to define an a : SM — )■ M such that for gi = e'^g, 
K('y', dxi) = —4:0^ for z = 1, . . . , r and K^'j', dx^) = for i = r + 1, . . . ,n — 1. Define A 
as in subsection 14.21 Then, for the same quadractic form of the theorem 13. 1[ the criteria 
holds at a set VH C SM. Let T := SM — VH. Any orbit which crosses T stays there as 
little time as we want - time depends on the size of the tubular neighborhood. So, with 
a bit more work, we can show that its geodesic fiow is partially hyperbolic (see details in 
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